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Abstract. A ring R is called a PIR, if each ideal of i? is a principal ideal. A 

CO , local ring (R, m) is an artinian PIR if and only if its maximal ideal m is principal 

, and has finite nilpotency index. In this paper, we determine the structure of a 

■ finite local PIR. 
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1 Introduction 

Throughout this paper, all rings R are assumed to be commutative with identity 1r. For 
a ring R, let U{R) be the set of invertible elements of R, J{R) the Jacobson radical of 
R and char(/2) the characteristic of R. A ring R is called a PIR if each ideal of i? is a 
principal ideal. For a local ring {R,xn) with a finite number of ideals (i.e., an artinian 
local ring R), R is a PIR if and only if the maximal ideal m is cyclically generated ([H 
Proposition 8.8] or [5l Theorem 2.1]). Furthermore, the number of nontrivial ideals of R 
is s if s + 1 the nilpotency index of m. For any local ring {R, m, t) with char(t) = p and 
any pair x, y G m, note that {x, y) = {x + my, x + ny) holds for all integers n, m satisfying 
0<m<n<p — 1, thus R has at least p + 2 nontrivial ideals if {x,y) is not cyclic: 
{x,y), (y), (x + my) (0 < m < p — 1). Now for any integer r > 4, let I(r) be the set of 
finite local rings with r nontrivial ideals. Then for any {R, m, G I{r), if char(t) > r — 1, 
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then i? is a PIR. This imphes that almost all finite local rings are PIR. In particular, a 
finite local ring {R, m, t) with four nontrivial ideals is always a PIR if char(t) > 3. 

Let p be a prime number. Recall from |5], page 255 (or [2], Lemma 13, page 79 and 
Corollary 2, page 83.) that if P is a field of characteristic p, then there exists an unramified 
complete discrete valuation ring, V, of characteristic whose residue field is isomorphic 
to P. This ring V is uniquely determined up to isomorphism by P and is called the v-ring 
with residue field P. In [5i Theorem 3.2], the author uses the Cohen structure theory of 
complete local rings (see to prove that a local ring (-R, m) is an artinian PIR, with 
pR = m™", and with m of nilpotency index s, if and only ii R = V[X]/{f{X),X''^) for some 
Eisenstein polynomial f{X) G V[X] of degree m, where V is any f-ring with residue field 
R/xn. Moreover, in [5], Theorems 3.5, 3.6] the author classifies all tamely ramified (i.e., 
p \ m in the aforementioned theorem) artinian local PIRs up to isomorphism by taking 
advantage of the established results on f-rings. 

The purpose of this paper is to characterize a finite local PIR {R, m) as some ho- 
momorphic image of 1jpr[X,Y] and we determine the kernel, where char(i?) = p"^. In 
Theorem 2.2, for any finite local ring R, we construct a coefficient field of R starting from 
a generator of the multiplicative cyclic group (R/m)*. The main structural results are 
Corollary 2.3 and Theorem 3.1. Note that our structure theorems as well as the proofs 
are quite different from [5]. 

2 Finite local rings with a prime characteristic 

In this section, we classify all finite local PIRs with a prime characteristic. We start with 
a folk- law result: 

Lemma 2.1 // {R,ra,t) is an artinian local ring such that t is a finite field, then there 
exist a prime number p and positive integers r < s < t such that char{R) = p^ and 
\R\ = p^ , where s is the nilpotency index ofm. 

Proof. Assume that m has a nilpotency index s and consider the following sequence of 
nonzero finite dimensional ^-vector spaces 

If char{i) = p, then |-R/tTi.| = p*" and |rri| = p^ for some natural numbers m and n. Clearly, 
= and n > rn{s — 1). Since p^ = 0, it follows that char{R) = p^ for some r < s. 

■ 

Now assume that (-R, m) is a finite local PIR, where char(i?/rri) = p, ra = Ra and a 
has nilpotency index s + 1. By Lemma 2.1, the characteristic of (-R, m) is p^ for some r 
with 1 < r < s + 1. Then Zpr is a subring of R and p G Ra. Let (f : Zpr — > R/xn be the 
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natural map and set F = im{ip). Then F = {0,1, ■ ■ ■ ,p — 1} = Zp, and F is the prime 
subfield of the residue field R/m. Assume further R/m = F[(3] with (3 E R. Then 

R = Zpr [13] + Zpr [/3]a + Zpr [(3]a^ + . . . + Zp. [I3]a' = Zp. [(3, a] 

and there is a surjective ring homomorphism 

71 : Zpr [X, Y]^R = Zpr 1/3, a],f{X, Y) ^ f{(3, a). 

Hence each finite local PIR is a proper homomorphic image of the polynomial ring 
Zpr[X,Y], if char(i?) = . The problem is to determine the kernel of vr. In this sec- 
tion, we consider the question for the case char(i?) = p. 

By [21 Theorem 9] or |3l Theorems 7.7, 7.8], a complete noetherian local ring {R,va) 
contains a coefficient field, if R has the same characteristic as its residue field R/ra. It 
holds in particular for every finite local ring R with characteristic p. For the ring R, we 
can construct a coefficient field of R starting from any generator of the multiplicative 
cyclic group {R/m)*. 

Theorem 2.2. For a finite local ring {R,xn) with characteristic p , assume that |-R/tn| = 
p"^. Then there exist an element (3 G R and a subring A = Zp[/3] of R such that /J^™*"^ = 1 
for some positive integer t and R/m = A. In the case, A is a coefficient field of R. 

Proof. Denote R/m by F and set k = p^. Then F* is a cyclic multiplicative group of 
order k — 1. Now let a be a generator of the group F* . Then = a, a^^ = a and hence 
q;*^*~^ = 1 holds for any positive integer t. Now let s be the nilpotency index of m and 
choose t such that k^ > s. Choose (3i E R such that Pi = a. Assume that (3i~^ = 1 + x 
for some x Em. Clearly 

{l + xf-' = l + Y.Cl._,x\ 

r=l 

Since C^t__i ■ = C^t ■ x"^ + (— l)C^t^\ ■ x"^ = (— ■ x^, it follows by induction that 
Clt_i-x'' = {-lYx\ Then + = 1 + Er=l(-1)''^^- In this case, set /3 = /3i{l + x). 

Then /S = a in R/m and 

s-l 
r=l 

Set A = {0, 1, /3, ■ ■ ■ , 13'''-^}. Clearly, R/m = A. We will show that A is a subring 
of R and thus a field under the operations in R. First, note that for any 6 E R, there exist 
7 G v4 and y E m such that 5 = 7 + ?/. Consider the equation X^^ = X. Clearly, every 
element in A is a root of the equation. If 6 ^ A, then there exist 7 G A and nonzero y E m 
such that 5 = 7 + ?/, and so 6''* = (7 + 1/)^' = +y^^ = ^ = 5 — y^5. This implies that 
5 is not a root of the equation, and so for any 5 E R, 5 E A ii and only if 5 is a root of 



the equation X''* = X. Given any 61,62 G A, then {61 - 62)^^ = (5f + {-1)^^62 =61- 62, 
implying 61 — 62 ^ A. Thus A is a subring of R and A = l^plP]. Clearly, A is also a field 
under the operation and thus A = {0, 1, /3, ■ ■ ■ , ■ 

We now characterize finite local PIRs with characteristic p. The following corollary 
also follows from [5l Theorem 3.1], which is a direct consequence of Cohen's Theorem 9 

(i)- 

Corollary 2.3. Let {R,xn) be a finite local ring with char(i?) = p. Then R is a PIE, m 
has nilpotency index s if and only if R = F[X]/(X'^) for some finite field F, where X is 
an indeterminant over F . In particular, R has two (respectively, three) nontrivial ideals 
if and only if R = F[X]/(X*) for some finite field F, where s = 3 (s = 4, respectively). 

Proof. Clearly, R is a PIR ring if R = F[X]/{X'^) for any finite or infinite field F. 

Conversely, assume that i? is a PIR and a local ring with characteristic p. Assume 
further J{R) = Ra, where a* = 0, 7^ 0. Let A be the subfield of R as in Theorem 

2.2. Then R/Ra = A and it implies A + Ra^ H h Ra'^'^ = R. Thus Ra = Aa + Aa^ + 

■ ■■ + Aa'-\ and finally R = A[a]. Since a' = 0, a'~^ 0, it follows that R = A[X]/{X'). 
□ 

3 Finite local PIRs with characteristic (r > 2) 

Throughout this section, assume that tn) is a local ring with Char(i?) = p^, where 
r > 2 and m has nilpotency index s + 1. Assume further m = Ra, R/m = for some 
/3 G -R, and F = Zp. Then a^^^ = and a'* 7^ 0. We are going to determine the kernel of 
n, where 

TT : Zpr[X, Y]^R = Zpr[/3, a], f{X, Y) ^ f{/3, a). 

For any f{X) = J2i c^i-^* in the polynomial ring Z^r [X], set f{X) = ^ . ip{ai)X\ where 
(f : Zpr — )■ R/xn is the natural map. Let g{X) be a monic polynomial of Zpr[X] such that 
'g{X) G F[X] is the minimal polynomial of /3 over F, where deg{g{X)) = deg(^(X)) and 
F = im{(f). For any monic polynomial gi{X) G Zpr[X], note that 'gi{X) = g{X) G F[X] 
if and only if g{X) — gi{X) G pZpr[X], which is denoted as 

g{X)=g^{X){ modp). 

Since clearly there exists a natural ring epimorphism from Zpr[/3] to F[P] = R/va and the 
kernel is pZpr[f3] + g{f3)Zpr[(3], it follows that 

s 

m = Zpr[p]p + Zpr[p]g{P) + J2^APW, U{R)=U{Zpr[p])+m. (A) 

t=l 



These equalities will be used repeatedly in Section Four. Also, there exists a natural ring 
isomorphism 

: Z^.[X]/(p,5(X)) ^ F[P] = R/m, J{X) ^ 7(/3). 
In fact, consider a : Zpr[X] F[p], f{X) ^ f{/3). For any f{X), write 

f{X) = g{X)h{X) + r{X) = g{X)h{X) + pn{X) + r2{X), 

where deg(rj(X)) < deg{g{X)), and the coefficients of r2{X) is in {0, 1, • • • ,p — 1}. If 
7(/3) = 0, then f^{/3) = 0. Therefore r^{X) = in F[X] and hence r2(X) = holds in 
Zpr[X]. This shows ker(a") = {p,g{X)) and hence is an isomorphism . 

The following two claims and an equality will be used repeatedly in what follows: 

Claim (i): For any t{X) e "LprlX], if t{X) is not in the ideal generated by p and g{X), 
thent(l3) e U(R). 

Claim (ii): g{/3) G m, hence g{Py^^ — and thus j3 is integral over 'L^r. 

m = {0} U U{R)a U lJ{R)o? U • • • U lJ{R)a\ (*) 
We now prove the main result of this section. 

Theorem 3.1. Assume that p is a prime number and r is an integer with r > 2. 
Then a ring R is a finite local PIE with char{R) = p^ and has exactly s nontrivial 
ideals, if and only if there exist integers n > l,m > 0, a manic polynomial g{X) in 
Zpr[X] and polynomials Ui{X),Vj{X) G Zpr[X] \ {p,g{X)) (1 < i < n, 1 < j < m), 
where g{X) is irreducible in the polynomial ring 1ip[X] (that is, in 'Zpr[X]/pZpr[X] ), 
deg{g{X) — deg{g{X)), deg{ui{X)) < deg{g{X)) and deg{vj{X)) < deg{g{X)), such that 
R is isomorphic to a factor ring S/Q, where S — "Lpv^X, Y] and 

n m 

Q = (py^+i-*S Y^+\ p -J2ni{X)Y'% g(X) -J2vj(X)Y^') 

i=i j=i 

with 1 < ti < t2 < ■ ■ ■ < tn < s , 1 < si < S2 < ■ ■ ■ < Sm < s and (r — l)ti < s < rti. 

Proof. <J=: Assume that R = S/Q. Clearly, p'' • i? = 0, Y'+^ G Q and Q C (p, g{X), Y). 
Also, there are natural ring isomorphisms 

Zpr[X,Y]/{p,g{X),Y) - Zpr[X]/{p,g{X)) - Zp[X]/{g(X)), 

where Zp[X]/{'g(X)) is a finite field by assumption on g{X). Set m = {p,g{X),Y)/Q. 
Clearly, R/m ^ Zp[X]/(g(X)), m = RY, where F' ^ 0, F'^^ = 0. It implies p^-^ • ^ 
whence char(i?) = p'^. Then m is a nilpotent maximal ideal of R. Thus R has a unique 
maximal ideal RY, which is principal and has nilpotency index s + 1, and thus by Lemma 
2.1, R is a. finite ring. 



Let {R, m, I) be a finite local PIR, where the nilpotency index is s+1 and m = Ra. 
Assume that char(i?) = p^, where r > 2. Clearly, p G m. By (*) we can suppose that 
p = ua*, where u G U{R) and 1 < t < s. Since p^ ■ 1r = while p^~^ ■ 1r ^ 0, it follow 
that (r — l)t < s < rt. We only need to determine the kernel of tt, where 

TT : Zpr[X, Y]^R = Zpr[f3, a], f{X, Y) ^ a). 

Consider the aforementioned ring isomorphism 

^ : Z,r[X]/{p,g{X)) ^ Fp] = R/m, J{X) ^ J(^). 

There exists a polynomial Ui{X) G 'Lpr[X] \ {p,g{X)) such that ip{ui{X)) — u. We can 
further assume that deg{ui{X)) < deg{g{X)). Then ui{/3)—u G m, that is, u = Ui{f3)+mi 
for some mi G m, hence p = ■Ui(/3)a* + mia* = + U2a^'^ for some U2 G U{R) and 

some integer t2, where ti = t and t2 > ti. For the same reason, there exists a polynomial 
U2{X) G \ (p, satisfying deg{u2{X)) < deg{g{X)), such that ■ip{u2{X)) = U2. 

If further U2a^^ ^ 0, then there exist elements us E U (R) and integer with ^2 < ^3 such 
that p — Ui{/3)a*^ + W2(/5)q;*2 + u^a^^. Continuing the process, we obtain that 

p = ui{P)a^' + U2{P)a^' + ■■■ + Un{P)a*" 
where Ui{x) G Zpr[X] \ {p, g{X)) such that deg{ui{X)) < deg{g{X)), Vi = 1, 2, • • • , n, and 

1 < t ^ ti < t2 < ■ • • < tn < S. 

Next we consider the possible value of g{/3). If g{/3) ^ 0, by (*) we can assume 
5f(/9) = va^i, where 1 < Si < s and v G U{R). Similarly, we have a polynomial Vi{X) G 
Zpr[X] \ {p,g{X)) such that ip{vi{X)) = v and deg{vi{X)) < deg{g{X)). Then g{/3) = 
Vi(/9)a;*^ +V2a''^^ with V2 G f/(-R) and Si < S2- If "^2^*^ 7^ 0, then there exists a polynomial 
V2{X) G Zpr[X] \ {p,g{X)) satisfying deg{v2{X)) < deg{g{X)), such that tp{v2{X)) = V2- 
Thus g{f3) = Vi{(3)a'^^ + V2{(3)a'^^ + Vsa^'^ where S2 < S3. Continuing the analysis, we 
obtain that 

g{P) = vi{P)a'' + V2iP)a'' + ■■■ + vU/3)a'- 

where Vj{X) G Zpr[X] \ (p, giX)) such that deg{vj{X)) < deg{g{X)), Vj = 1,2, ••• ,m 
and 1 < si < S2 < ■ ■ ■ < Sm ^ s. 
Take 

n m 

Q = Y^+\ p - g{X) -J2v,{X)Y^^) 

i=i j=i 

Notice that if g{l3) = 0, we substitute g{X) — Yl™^i ^ji-^)^^^ by g{X), and in this case, 
m — 0. 

Clearly, Q C ker{7r). Conversely, for any f{X,Y) G Zpr[X,Y], write 
f{X,Y) = Y'ws{X) + Y'-^Ws-i{X) + --- + Ywi{X)+wo{X){ mod Q) (**) 



where Wi{X) e 1^pr[X] such that deg{wi{X)) < deg{g{X)). Now assume that f{(3, a) — 0. 
Then a'^wo{f3) = and hence wq{/3) e m, that is, wo{X) e (p,g{X)), which together with 
deg{wi{X)) < deg{g{X)) yield that Wo{X) —pw'q{X). Thus we can substitute Wo{X) by 
PWq{X) in (**) and then we have 

f{X,Y)=Y'w,{X) + Y'-^Ws-i{X) + --- + YwiiX){ mod Q) (* * *) 

so that a^wi{/3) = 0, hence wi{x) = pw[{x) for some w[{x) G Zpr[X] with deg{w[{x)) < 
deg{g{x)). Thus we can substitute Wi{X) by pwi{X) in (* * *) and get that 

f{X, Y) = Y'ws{X) + Y'-^Ws-i{X) + ■■■ + y mod Q). 

Since s is finite, we can reach 

f{X,Y) = 0{ modg). 

after finite steps. Therefore, f{X, Y) e Q. This shows that ker{7r) — Q, as required. ■ 

We remark that by a similar discussion as above, we can get an alternative description 
for finite local PIRs R with char(i?) = p, which is essentially the same with Corollary 2.3. 

Theorem 3.2. Let p be a prime number, and let {R,va) be a finite local ring with 
char{R) = p. Then R is a PIR with exactly s nontrivial ideals if and only if there 
exist integers m > 0, a monic irreducible polynomial g{X) in 1ip\X\ and polynomials 
Vj{X) e Zp[X] \ {g{X)) (1 < J < m), where deg{vj{X)) < deg{g{X)), such that R is 
isomorphic to a factor ring S/Q, where S — Zp[X, Y] and 

m 

Q^(Y^^\g(X)-J2vj(X)Y'^) 

with 1 < Si < S2 < ■ ■ • < Sm < s. 

4 Finite local rings with at most three nontrivial ide- 
als 

Note that in Theorem 3.1, the ideal Q is generated by four polynomials. In some cases, 
it can be generated by less polynomials. In this section, we study the structure of finite 
local rings with at most three nontrivial ideals. It is easy to see that the maximal ideal 
of such a ring R is principal and hence i? is a finite local PIR in each case. We will show 
that each Q can be generated by at most three polynomials. The detailed verifications 
will be omitted in most cases. 
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Let p be any prime number. For any positive integer n, it is well-known that there 
exists in Zp[X] an irreducible monic polynomial g{X) of degree n. In the following theo- 
rems, for any f{X) = X* + EtJ ^ Zp[X], set = X* + J ^ Vf^]. 

where 1 < r < 4. 

In [6], it is proved that a local ring R has exactly one nontrivial ideal if and only if 
either R = F[X]/{X'^) for some field F, or R = V/p'^V, where is a discrete valuation 
ring of characteristic zero and residue field of characteristic p, for some prime number 
p. For a finite local ring, use the discussions of Theorems 3.1 and 3.2 we can obtain the 
following result. 

Theorem 4.1. R is a finite local ring with exactly one nontrivial ideal and residue field 
of characteristic p , if and only if R is isomorphic to one of the of following homomorphic 
images of a polynomial ring Zpr[X, Y] (1 < r < 2): 

(1) z,[x,r]/(^(x),n 

{2)Z,2[X]/{g{X)+pw{X)) 
where g{X) is monic and irreducible in 1^\X\ and deg{w{X)) < deg{g{X)). 

Theorem 4.2. R is a finite local ring with exactly two nontrivial ideals and residue field 
of characteristic p, if and only if R is isomorphic to one of the following homomorphic 
images of a polynomial ring Zpr[X, Y] (1 < r < 3): 
{l)Z,[X,Y]/{g{X),Y-') 

(2) Zp2[X,Y]/{g2{X)+pw2{X),p-U2{X)Y\ pY) or 
Z,2[X,Y]/{g2{X) - V2{X)Y + pw2{X), p - U2{X)Y\ pY) 

(3) Zp3[X]/((73(X) +p^3(X) +p2w3(X)) 

where g{X) is a monic and irreducible polynomial o/Zp[X], z{X),w{X),u{X) and v{X) 
are polynomials of Zp[X] such that deg{x{X)) < deg{g{X)),^x{X) G {z{X),w{X)}, 
u{X) ^ 0( mod g{X)) and v{X) ^ 0( mod g{X)). 

We give an outlined proof to the following: 

Theorem 4.3. R is a finite local ring with exactly three nontrivial ideals and residue field 
of characteristic p, if and only if R is isomorphic to one of the following homomorphic 
images of a polynomial ring Zpr[X, Y] (1 < r < 4): 

(1) Zp[x,F]/(^7(x),r^) 

(2) 'Lp2[X,Y]/{g2{X)+pw2{X), Y^-pu2{X), pY) or 
Z,2[X,Y]/{g2{X) - V2{X)Y^+pw2{X), Y^-pu^iX), pY) or 
Zp2 [X, Y] /{g2{X)-V2{X)Y + pw2 (X) , y ^ _ (X), pY) or 
Zp2[X,Y]/ig2iX)-pYv2iX), Y^ - pu^iX) - pYz^iX)) or 
Zp2[X,Y]/ig2iX) - pw2iX) - pYy^iX), Y^ - pu2iX) - pYz2{X)) or 
Z,2[X,Y]/ig2iX) - V2iX)Y - pYy2iX) - pw2iX), Y^ - pu2iX) ~ pY Z2{X)) 

(3) Zp4X]/{g,{X)+py,{X)+p^z,{X)+p^w,{X)) 



where g{X) is a monic and irreducible polynomial ofLplX], y{X),w{X),z{X),u{X) and 
v{X) are polynomials ofLp^X] such that 

deg{x{X)) < deg{g{X)), \/x{X) E {y{X), z{X),w{X)}, 

u{X) ^ 0( mod g{X)) and v{X) ^ 0( mod g{X)). 

Proof. In case (1) and (2) (respectively, case (3)), (p,g(X),Y) (respectively, 

(p,g{X))) is the principal maximal ideal of R, and it has nilpotency index 4. Thus 
each ring is finite local and has three nontrivial ideals. 

If {R. Ra) is a finite local ring and a has nilpotency index four, then char(i?) G 
{p* I 1 < -i < 4}. Assume R/Ra = Zp[/3], then R = Zpi[/3,a]. Let g{X) be the minimal 
polynomial of /3 in Zp[X]. Then g{(3) E Ra, where 

Ra = U(R)a U U(R)a^ U U(R)a^ U {0}. 

Consider the ring epimorphism 

TT : Zpi[X, Y]^R^ Zpi[f3, a], f{X, Y) ^ /(^, a). 

Case 1: char(i?) = p. 

In this case, the result is stated in (1) and it follows from Corollary 2.3. 

Case 2: char(i?) = p"^. In this case, either p e U{R)a^ or p e U{R)a^. 

Subcase 2.1: p e U{R)a^. Under the assumption, we have pm = and thus there 
exists a polynomial u{X) e l^p[X\ \ {g{X)) such that Y^ — pu2{X) e ker(7r). If further 
g2{^) e U{R)a^ U {0}, then 

ker(7r) = {g^iX) + pw^iX), Y^-pu2{X), pY) 

for some w{X) e Zp[X], where deg{w{X)) < deg{g{X)). If further g2{/3) e U{R)a^, then 

ker(7r) = {g2{X) - V2{X)Y^ + pw2{X) , Y^-pu2{X), pY), 

where v{X) ^ 0( mod g{X)) in Zp[X]. If g2{/3) e U{R)a, then 

ker(7r) = {g2{X) - V2{X)Y + pw2{X) , Y^ - pu2{X), pY). 

Subcase 2.2: p e U{R)a'^. In this case, it follows by (A) that 

-pu2iX) -pYz2{X) e ker(7r) 

for some u{X) e Zp[X] \ {g{X)), where cither z{X) = or z{X) e Zp[X] \ {g{X)). 

If further (?2(/3) G U{R)a^, then by (A) wc have g2iX) — pYv2{X) G ker(7r) for some 
v(X) e Zp[X] \ {g{X)), where dcg{v{X)) < deg{g{X)). Set 

Q4 = {g2{X) -pYv2{X), Y^-pu2{X) -pYz2{X)). 



Then clearly C ker(7r), {Y'^,pY^,pg2iX),Yg2iX)} C Q4 and = U{X){ mod Q^). 
Conversely, yf{X,Y) e ker(7r),i-e., f{/3,a) — 0, we have 

f{X, Y) = Y%{X) + Y\{X) + YU{X) + mod Q4) 

= Yt(X) + s(X)( modQ4) 

for some t(X),s(X) e Zp2 [X, F], where deg(t(X)) < deg(^(X)) anddeg(s(X)) < deg{g{X)). 
Then by Claim (i), Q;i(^) + s{/3) = imphes t{X) = 0( mod p) and s{X) = 0( mod p). 
Hence f{X,Y) = p ■ (Y • x{X) + y{X)){ mod Q4), where the degree of both x{X) and 
y{X) are less than deg(5f(X)). It implies Yy{X) = 0( mod Q4), and therefore, y{X) = 0( 
mod p). Then /(X, Y) = (pY) ■ x{X){ mod Q4), and thus x{X) = 0( mod p) by Claim 
(i). Finally, f{X,Y) G Q4, and it implies Q4 = ker(7r) in the case. 
If further g2{P) G U{R)a'^ U {0}, then it follows from (A) that 

ker(7r) = (g^iX) - pw^iX) -pYy{X), Y"" - pu2iX) - pYz2{X)) 

holds for some y{X), z{X),w{X) e Zp[X] with 

deg(a;(X)) < deg{g{X)), Wx{X) e {y{X), z{X),w{X)}. 

If further g2{/3) G U{R)a, then it follows from (A) that 

ker(7r) = {g2{X) - V2{X)Y - pY y2{X) -pw2{X), Y' - pu2{X) - pYz2{X)), 

where u{X),v{X),w{X),y{X) and z{X) has the above mentioned properties. 
Case 3: char(i?) =p^. 

The situation can not occur since p G U{R)a U U{R)a'^ U U{R)a^. 
Case 4: char(i?) = p^. 

In this case, p G U{R)a, thus a is nothing new but a unital multiple of p in Zp4[X]. 
In this case, it is easy to obtain (3) by (A). ■ 

In the following Propositions 4.4 and 4.5, assume that gi{X) and Uj{X) are monic 
polynomials in Zp2[X] such that deg{ur{X)) < deg{gi{X)) (r = 1,3), deg{us{X)) < 
deg{g2{X)) (s = 2,4), gi{X) are irreducible in Zp[X] (i.e., Zp2[X,Y]/{p, gi{X))) and 
Mj(X) ^ 0( mod p). We can assume further that the coefficients of Uj{X) and gi{X) are 
in {0, 1, • • • ,p - 1} (1 < i < 2, 1 < j < 4). Then either ^i(X) = g2{X) or there exist 
u{X),v{X) such that 

^i(X)«(X) + ^2W^^W = l( modp). 
In Proposition 4.4, set for i = 1, 2 

Ri = Zp4X, Y]/{gi{X), Y^-p- k,(X), pF), 



in 



m, = (p, QiiX), Y)/{gi{X), - p ■ Ui{X), pY) 

and Ki = Zp2[X]/{p, gi{X)) = Zp[X]/{gi{X)). Let tt^ : i?j — >■ Ki be the natural epimor- 
phism. Note that rrii is the maximal ideal of Ri for each i. Note also that Ki = K2 if and 
onlyifdeg(yi(X))=deg(^2W). 

Proposition 4.4. (1) If Ri is isomorphic to R2, then there exist a field isomorphism r : 

2 

Ki ^ K2, a polynomial V2{X) inZp2[X]\{p, g2{X)) such that U2{X) = V2{X) ■t{ui{X))) 

holds in K2. 

(2) Conversely, if gi{X) — g2{X) and there exist Vi{X) in 'Lpi\X\ such that U2{X) — 



V2{X) ■ Ui{X) holds in K2 and Ui{X) — Vi{X) ■ U2{X) holds in Ki respectively, then Ri 
is isomorphic to R2. 

Proof. (1) Assume that cr : i?i — > i?2 is a ring isomorphism. Then cr(mi) = m2, and 
hence cr induces a natural field isomorphism r from Ki to K2. Clearly rrii = RiY , and 
then a{R^) = R2Y . Let v{X, Y) • (7(F) = F for some v{X,Y) e Zp2[X,y]. Note that 
F^ = p • Ui{X) in Ri {i = 1, 2). Thus in R2 



p ■ U2{X) = v{X, Y)a{Y)=p- v{X, Y) a{u,{X)). 
Note that p - Y — Q'm. R2, thus assume 



p-a{m{X))=p- w{X), p ■ v{X, Y)=p- V2{X) 

for some w{X),V2{X) G Zp2[X]. Then p ■ {u2{X) - V2(Xf ■ w{X)] = holds in the 
cc-local ring (i?2, ^2^); where R2 = Zp2[X,Y]. By Claim (i), we must have U2{X) — 
V2{Xy ■ w{X) G {p, g2{Xj). Consider the following commutative diagram in which the 
isomorphism r is induced by a. 



Ri — > R 



■2 



TTi 772 

Ki 7" K2 



We get U2{X) = V2{X) ■ r{ui{X))) in K2. Since U2{X) G f/(i?2), both V2{X) and 
t{ui{X)) are invertible in R2. Note that ui{X) = vi{X) ■ t~ {u2{X)) ) holds in Ki for 
some Vi{X) G Zp2[X]. 

2 

(2) By assumption, we can assume Wi{X) ■ U2{X) = Ui{X) in K2- Define a ring 

homomorphism (pi : Zp2 [X, Y] — )■ R2 by 



1 ^ 1, (^(x) = X, ip{Y) = 



Since p ■ (p, g2{X)) = in i?2, 

(^i(y' - pKi(x)) = wi{x)Y^ - p^^ = • (F' - p^)) = 
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holds in R2. Then {gi{X), Y"^ — p • ui{X), pY) C ker((/?i), and cpi induces a ring homo- 
morphism Tpi : Ri ^ R2 such that 

ip-i(x) = x, ip^(Y) = ^;j;{x)-Y. 

Under the assumption, there exists another ring homomorphism ip^: R^ ^ R\ such that 
Tp^{X) = X, TpliX) = W2{X) ■ Y. Then • ^) (F) = ( wi(X) ■ w^(X) ) • F, and therefore 
^ • ^ is a ring isomorphism. ■ 

In the following Proposition 4.5, Set Ri = S/Ji, R2 = 3/32, where 5" = Zp2[X, Y], 
3, = {g^{X) - Us{X)Y, Y^ - p • u^{X),pY) 

32 - {g2{X) - u^{X)Y, Y'-p- U2iX), pY). 

Set Ki = Zp2[X]/(p, gi{X)) = Zp[X]/(^j(X)). Let iTi : Ri ^ Ki be the natural epimor- 
phism. Note that Ki = K2 if and only if deg(5'i(X)) = deg(5'2(^))- By the proof of 
Proposition 3.2, we have 

Proposition 4.5. (1) // Ri is isomorphic to R2, then there exist a field isomorphism 
T : Ki K2, polynomials V2{X), u^{X) in ljyi\X\ \ {p,g{X)) such that a{gi{X)) — 
U5{X) ■ g2{X) holds in R2 and 

hold in K2- 

(2) Conversely, if gi{X) = g2{X) and there exist Vi{X) in Zp2[X] such that U2{X) = 
V2iXf-uiiX){ mod {p,g2{Xf)), u^iX) = V2iX)miX){ mod ip,g2iXf)) andui{X) = 
vi{X) ■ U2{X){ mod {p,gi{Xf)),U3{X) = vi{X)u4{X){ mod (p, 5(1 (X)^)) respectively, 
then Ri is isomorphic to R2. 
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